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. Abstract 



We define a new grading, that we call the "level grading", on the algebra of polynomials 
generated by the derivatives Uk+i = d'^^'^u/ dx'^^^ over the ring 

^(fc) (joo functions of 

u,ui, . . . ,Uk- This grading has the property that the total derivative and the integration 
by parts with respect to x are filtered algebra maps. In addition, if u satisfies an evolution 
equation ut = F[u] and -F is a level homogeneous differential polynomial, then the total 
derivative with respect to i, Dj, is also a filtered algebra map. Furthermore if p is 
level homogeneous over K^^\ then the top level part of Dtp depends on only. This 
property allows to determine the dependency of F[u\ on from the top level part of 
the conserved density conditions. We apply this structure to the classification of "level 
homogeneous" scalar evolution equations and we obtain the top level parts of integrable 
evolution equations of "KdV-type" , admitting an unbroken sequence of conserved densities 
at orders m = 5, 7, 9, 11, 13, 15. 
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1 Introduction 



The classification of evolution equations has been a long standing problem in the literature 
on evolution equations. The existence of higher symmetries, an infinite sequence of conserved 
densities, of a recursion operator, the Painleve property of reduced equations have been proposed 
as integrability tests. Among these, we follow the "formal symmetry" method of Mikhailov- 
Shabat-Sokolov (MSS) [3], which is based on the remark that if the evolution equation admits 
a recursion operator than, its expansion as a pseudo-differential should satisfy an operator 
equation. The solvability of the coefficients of this pseudo-differential operator in the class of 
local functions necessitates that certain quantities be conserved. These quantities are called 
"canonical densities" and their existence is proposed as an integrability test [3]. 

In [3], a preliminary classification of third order equations has been obtained by the formal 
symmetry method. The classification given in [3] asserts the existence of a three classes of 
candidates for evolution equations, one class being quasilinear, two of these being "essentially 
nonlinear" . 

We recall that the KdV hierarchy consists of the symmetries of the third order KdV equation 
at every odd order. The KdV hicrachy is characterized by the existence of conserved densities 
that are quadratic in the highest derivative at any order. At the fifth order, there are two 
basic hierarchies that start at this order, i.e., that are not symmetries of third order equations. 
These arc the Sawada-Kotera and Kaup hierarchies that arc derived from a third order Lax 
operator. Their symmetries give integrable equations at odd orders that are not divisible by 3. 
Similarly, every third order conserved density is trivial. The equations that are related to these 
three hierarchies via Miura type transformations may have quite different appearance and form 
a large list. 

In the following years, the search for new hierarchies of integrable equations starting at 
higher orders turned out to be fruitless; the situation was clarified by Wang and Sanders, who 
proved that scale homogeneoTis scalar integrable evolution equations of orders greater than or 
equal to seven are symmetries of lower order equations [1]. In subsequent papers these results 
were extended to the cases where negative powers are involved [2] but the case where F is 
arbitrary remained open. 

The general case where the functional form of F is arbitrary was studied in the references [6] 
and [9] . The first result in this direction has been obtained in [6] , where the canonical densities 
i = 1, 2, 3 were computed for evolution equations of arbitrary order m. It was first proved 
that, up to total derivatives, higher order (m > 7) conserved densities are at most quadratic in 
the highest derivative. Then cissuniiiig tliBit a.n evolution equation Uf — F{x^ t^u^ . . . ^ '^m 

) admits 

a conserved density p^^^ = Pu^^^ + Q^tm+i + where P, Q, R are functions independent of 
Um+i it has been shown that for m >7, PFmm = [6]. Finally, it was shown that the coefficient 
P in the canonical density p^^\ has the form P = F^ [6], hence it was concluded that evolution 
equations of order m > 7 that admit the canonical density p^^^ are quasilinear. In the proofs 
of these results, the remarkable was the fact that the explicit form of the conserved densities 
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was needed only at the last stage, to prove that PFmm = implies Fmm = 0. Furthermore 
the derivations used the dependency of F and P on Um only and the functions Q and R never 
appeared in the computations. 

In [9] the same scheme was applied to the quasilinear equations and it was proved that 
if the canonical densities p^^\ i = 1,2,3 arc conserved then the evolution equation has to 
be polynomial in the derivatives Um-i and Um-2- In the derivation of these results, in 
many places we had first assumed the existence of a "generic" conserved density of a specific 
form to obtain a polynomiality result, then we have shown that there is in fact a canonical 
density of the required form. In this work also, remarkably, all polynomiality results involved 
the dependencies of the unknown functions on the top order derivatives, i.e., on Um-i, if 
Uf = A{x, t,u, . . . , Um-i)um + B{x, t,u, . . . , u„i-i) and so on. 

These observations above lead to the definition of a graded algebra structure [8] which will 
be the main subject of this paper. 

The classification of 5th order, constant separant evolution equations is given in [3]. The 
non-constant separant case is studied by the MSS method in [10] where "KdV-like" equations 
are defined to be the ones that admit an unbroken sequence of conserved densities at all orders. 
Although the classification is not complete, it has been shown that the non-constant separant 
KdV-type equations are of the form ut = a^u^ + Bu\ + Cu4 + G, where B, C and G are 
polynomial in a and us and a new exact solution is given [10]. This class of equations as well 
as the ones that wc present in Section 4, are expected to belong to the hierarchy of essentially 
nonlinear equations of the third order, given by Eqn. (3.3.9) of [3]. 

Recall that evcnthough all quasilinear third order equations are shown to be either 
linearizable or transformable to the Korteweg-deVries (KdV) equation, the Krichever-Novikov 
equation is possibly an exception [4], [11], [12]. 

In the present paper, we shall first introduce the grading scheme mentioned above and prove 
its main properties, namely its invariance under integrations by parts and the "dependency of 
the top level on the top derivative". We shall give the top level parts of the candidates for 
integrable equations at orders m = 7,9,11,13,15. An explicit form for integrable evolution 
equations of order m = 7,9 and a closed form for orders m = 11, 13, 15 where the explicit form 
of the coefficient B is given. 

The notation and terminology is reviewed in Section 2 and the level grading is introduced 
in Section 3. In Section 4 we give the applications of level homogeneity to the classification of 
evolution equations of order m > 7. Results and discussions are given in Section 5. 
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2 Notation and terminology 



2.1 Notation 

Let u = u{x,t). A function (p of x, t, u and the derivatives of -u up to a fixed but finite order, 
denoted by ip[u], will be called a "differential function" [5]. We shall assume that ip has partial 
derivatives of all orders. For notational convenience, we shall denote indices by subscripts or 
superscripts in parenthesis such as in a(j) or p^*) and reserve subscripts without parentheses for 
partial derivatives, i.e., for u = u{x,t), 

du du d^u 

Uq = U, Ut = —, Ux = TT^ 



ot ox ax'^ 

and for ip = ip{x,t,u,ui, . . . ,Un)-, 

dip dip dip 

If is a differential function, the total derivative with respect to x is denoted by Dip and it is 
given by 

71 

D^ = J2 + fx- (1) 

j=0 

Higher order derivatives can be computed by applying the binomial formula as given below. 



«=0 



+ ^'-V.- (2) 



If ut = F[u], then the total derivative of ip with respect to t is given by 

n 

Dtip = Y.ipiD'F + ipt. (3) 

i=0 

The "order" of a differential function (/^[n], denoted by ord{ip) = n is the order of the highest 
derivative of u present in p[u\. The total derivative with respect to x increases the order by 
one. From the expression of the total derivative with respect to t given by (3) it can be seen 
that if u satisfies an evolution equation of order m, Dt increases the order by in. 

Equalities up to total derivatives with respect to x will be denoted by =, i.e., 

ip = Ip if and only if ip = ip + Drj. 

The effect of the integration by parts on monomials is described as follows. Note that if a 
monomial is non-linear in its highest derivative we cannot integrate by parts and reduce the 
order. Let k<pi<p2<---<Pi<s — 1 and tp> he a function oi x,t,u,ui, . . . , u^. Then 



ipu;i...u;ius = -D{ipu;i...u;i)us-i, 
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The integrations by parts are repeated successively until one encounters a "non-integrable 
monomial" of the following form: 

u;i...u;iup, p>i. 

The order of a differential monomial is not invariant under integration by parts, but we will 
show in the next section that its level decreases by one under integration by parts [8] . This will 
be the rationale and the main advantage of using the level grading. 

3 The Ring of Polynomials and "level-grading" 

The scaling symmetry and scale homogeneity are well known properties of polynomial integrable 
equations. We recall that scaling symmetry is the invariance of an equation under the 
transformation u \°'u, x X~^x, t — > X^^t. If a = 0, then scale invariant quantities 
may be non-polynomial and the scaling weight is just the order of differentiation. In the early 
stages of our investigations we have noticed that if F is a function of the derivatives of u up 
to order say k, and we differentiate F say j times, the resulting expressions are polynomial in 
Ujfc+i, . . . , Ujfc+j. Furthermore, the sum of the order of differentiations exceeding k has some type 
of invariance. This remark led us to the definition of "level grading" as a generalization of the 
scaling symmetry for the case a = 0, as a graded algebra structure. 

We consider the ring of functions of x, t, n, . . . , Uk the modules generated by the derivatives 
Ujfc+i, .... This set up is given a graded algebra structure as described below. 

Let M be an algebra over a ring K. If we can write M = (Bi£]\fMi, as a direct sum of 
its submodules Mj, with the property that MiMj C Mi^j, then we have a "graded algebra" 
structure on M. For example ii K = R and M is the algebra of polynomials in x and y, then 
the Mj's may be chosen as the submodule consisting of homogeneous polynomials of degree i. 
In the same example, we may also consider the submodules consisting of polynomials of degree 
i (not necessarily homogeneous) that we denote by M*. Then is the direct sum of the 
submodules Mj, j ranging from zero to i. It follows that the full algebra M can be written as 
a sum of the submodules Mj, but the sum is no more direct. This structure is called a "filtered 
algebra". The formal definitions are given below. 

Definition 3.1: Let K he & ring and M be an algebra over K and Mj be submodules of M. 

The decomposition of M to a direct sum of submodules: M = (BieNMi and MiMj C Mj+j is 
called a graded algebra structure on M. Given a graded algebra M, we can obtain an associated 
"filtered algebra" M = M, [7], by defining M = Y^ieN Mi where Mj = ®^=o^j- ° 
If the algebra M is characterized by a set of generators, then the submodules Mj can also 
be characterized similarly. If K^^^ be the ring of C°° functions of x,t,u, . . . ,Uk, and M^^^ is 
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the polynomial algebra over K^'^'> generated by the set 

5'^*'^ = {Uk+l,Uk+2, ■ ■ ■}, 

a monomial in M^''^ is a product of a finite number of elements of 5^*^^. We define the "level 
above k" of a monomial as follows: 

Definition 3.2: Let /x = n^^^-^u^^^-^ . . . it^+j^ be a monomial in M^'^\ The level of /x above 
k, is defined by 

levkifJ,) = aiji + a2j2 + • • • + anjn- 

The level of the differential operator D is defined to be 1. The level of a pseudo-differential 
operator is thus levk{ipD^) = levk{ip) + j. □ 

It can be seen that for any two monomials // and jl, 

The "level above k" gives a graded algebra structure to M^'^) . Monomials of a fixed level p form 
a free module Mp'^ over and we denote its set of generators by Sp'^ . If a is a polynomial 
m 

o- = J2p>o o.p where G M^^ , is called the homogeneous component of a of level 
p above k. 

~ (k) 

Definition 3.3 Let a be a polynomial in Mp ' . The image of a polynomial a under the natural 
projection 

denoted by 7r(a) is called the "top level part of a". □ 

We will now present certain results that demonstrate the importance of the level grading. 
These will be the proofs that partial derivatives with respect to Ui, total derivatives with respect 
to X, total derivatives with respect to t, the integration by parts hence the conserved density 
conditions are filtered algebra maps. 

Proposition 3.4 // ip is level homogeneous of level p above k and if / 0, then the 

partial derivative of ip with respect to u^+j has level p — j, for j >0. 

Proof: Let ip G Mp^^ and (p be level homogeneous above A; of level p. Then (p is a linear 



combination of monomials of level p; M^'' = (uk+p, Uk+p-iUk+i,Uk+p-2Uk+2, Uk+p-2ul^i, . . 
Clearly if 7^ 0, the effect of differentiation with respect to decreases the level by j. 

□ 

Proposition 3.5 The total derivative with respect to x, D is a filtered algebra map 

Proof: Clearly it is sufficient to consider the effect of of a product of a function ip in 
and a monomial of level p above k. The effect of D on a monomial increases the level by L On 
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the other hand Dip = ^j-Uk+i + . . .. In particular, the level p + 1 part depend only on ip and 
its derivative with respect to U}-. It follows that D is a filtered algebra map. □ 

(k) 

We now study the effect of integration by parts. The subset of the generating set Sp ' of 
the module Mp ' , consisting of the monomials that are nonlinear in the highest derivative and 
the submodulc that it generates are denoted respectively by Sp and Mp ' . If a monomial is 
nonlinear in its highest derivative it cannot be integrated. If it is linear, one can proceed with 
the integrations by parts until a term that is nonlinear in its highest derivative is encountered. 
By virtue of the propositions above, these operations will be filtered algebra maps. 

Proposition 3.6 Let a he a polynomial in Mp''' . Then 



where P belongs to M^_-^ and 7 belongs to Mp . 
Proof: Let 

1^ = ul\^^ ul\^^ . . . u^^^. , ii > i2 > . . . > iiai + ^202 + ... + ijaj=p 

We have the following three mutually exclusive cases. 

-(fc) 

i. When a\ > 1, the monomial is not a total derivative and jj, G Sp^n- We cannot proceed with 

integration by parts. 

ii. When a = 1 the term (pn where (p G K^''^ can be integrated. For Z2 < ^l — 1 

l^f^ = J ■ ■ ■ ^k+i, = ^K'+n-iKli, ■ ■ ■ ^k+irj • • • ^k+i,) ■ 

iii. When a = 1 but 12 = ii — l then 

_ / ,,02 as «j _ k+h-1 a3 flj _ / k+h-l ^ /._,,a3 , «J \ 

J ^^k+h^k+h-l^k+i3 ■ ■ ■ ^k+ij - ^2 + 1 ■ ■ ■ ^+^^' J 02 + 1 ■ ■ ■ ^k+ij ) 

In (i) and (ii), the level of the term that has been integrated decreases by 1 while the terms 
under the integral sign have levels p or lower. □ 

We will now give an example that illustrates the effect of total derivatives and integration 
by parts. 



Example 3.7 Let 



R = (pus + tpurm + wl, 
r(5) 



where ip,tp,r} G K^^^ be a polynomial in M3 It can easily be seen that DR is a sum of 

(5) (5) 

polynomials in M4 ' and M3 
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DR 



M, 



(5) 



+ {ip4U5 + . . . + (Px)u8 + ("04145 + ■ ■ ■ + 1px)u7U6 + (??4'"5 + • ■ • + rjx)ul 



M. 



(5) 



(5) 

Note that the projection to ' depends only on the derivatives with respect to ^5. We later 
prove that this holds in general. 

For convenience, we define the operator Dq to denote the part of I?0 on lower order 
derivatives by, Dcp = ip^Uk+i + Dqip as a sum of level 1 and level terms. It follows that 
D^if = ipkUk+2 + ^kkwl_^_i + {DQip)kUk+i + Do{DQip) is a sum of level 2, level 1 and level terms. 
The integration by parts of R gives: 



/ 



Rdx 



(pur + 2^^' - <P5]ul - Dq(puq 



+ 



I 



4 + 



dx. 



M. 



(5) 



□ 



Now we deal with time derivatives. Given ut = F{x,t,u, ...,Um) where F is of order m, if 
,11, Un ) is a differential polynomial of order n, then clearly, D^p is of order n + m. 
A similar result holds for level grading. 

Proposition 3.8 Let ut = F[u\, where F is a differential polynomial of order m and of level 



q above the base level k. Then Df is a filtered algebra map Mp'^ — >■ Mp'^^_^_j^. 
Proof: Let p be a differential polynomial of order n and of level p above the base level k. Then 

k o n— fc o 



r(fe) 



i=0 



dui 



Note that pt has level at most p. Similarly, the level of ^ for i < A;, is at most p hence each 
of the terms in the first summation are of levels at most p + q + i, and the sum has level at 
most p + q + k. In the second summation, g^^^. has level p — j, hence the level of q^^.D^~^^ F 
is {p - j) + {k + j) + q = p + q + k. □ 

Corollary 3.9 If F is quasi-linear, and m = k + q, then Dt increases the level by m. □ 
We will now prove a very useful proposition stating that the top level depends only on the 
dependency of the coefficients on Uk- 
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Proposition 3.10 Let p be a differential polynomial in Mp'\ Then the projection it{D^ p) 
depends only on the dependency of the coefficients in p on Uk- 

Proof. Let p = Y.i'PiPi where ipi G i^^*^^ and Pj G Mp^\ Without lost of generahty p = (pP 
and P = u1l ... n"^. Here lev{p) = p. 



Dp = DipP + ipDP 



EO(p 0(p 



P + ifDP 



•Px + -^Ui+l 
1=0 * 



dip 

P + ^Uk+iP + ipDP 
duk 



Mj,'^ mI% (4) 



■'p+i 

It follows that the projection Tr{D^p) is independent of — — for j < k and independent of 

OUj 

dp ^_ 



dux 

It follows that in the conserved density computations, if p and F[u] are level homogeneous, 
then pt up to total derivatives is also level homogeneous. This is a very important and useful 
result. 

4 Application of "level homogeneity" structure on the 
classification problem 

In this section we apply the "level homogeneity" structure to the classification of scalar evolution 
equations of orders m > 7. In [9] we have shown that if F is integrable in the sense of admitting 
a formal symmetry, then it is of the form 

F = Ut = a^Um + BUm-lUm-2 + ■■■ 

where a, B, C, G, H and K are functions of x, t, u, Ui, i < m — 3, i.e., it is level homogeneous 
above level m — 3. 

Here we start from this form of F which is level homogeneous above level m — 3. We shall 
assume that the conserved densities p^^^\ p^^^ and p^^^ are non-trivial. The cases where either 
of these are trivial will be dealt with elsewhere. We characterize such equations as '"KdV- 
like" . It is well known that the canonical densities of even order are trivial, hence we give the 
definition as below. 

Definition 4.1 An evolution equation ut = F[u] is called "KdV-like" if its sequence of odd 
numbered canonical densities is nontrivial. □ 

(i) 

When we substitute the form of F given above in the canonical conserved densities pc 
and we integrate by parts we can see that the canonical densities are of the form given below 
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and we use the subscript c to denote canonical quantities. Alternatively, if haven't the explicit 
expression of the canonical densities we could assume that the evolution equation admits an 
infinite sequence of level homogeneous conserved densities that we call "generic conserved 
densities". In fact, from a computational point of view, it is preferable to use the generic 
conserved densities and compare with the explicit form of the canonical densities whenever 
necessary. The generic quantities are labeled by the excess of the order of the highest derivative 
above the base level. If k be the base level, m the order and F^n = A = a^, then the generic 
form of the conserved densities are as follows: 

^p(3))-p(2) = piM^, + Q(^)uU. (5) 
Remark 4.2 Recall that conserved densities can be given up to total derivatives. Thus a 

(k) 

generic conserved density of of order A; + ,7 is a polynomial in the monomials Mg^- , as given in 
Appendix B. □ 

We will outline below the steps leading to the classification of the top level parts of the 
integrable equations of odd orders m = 7, ... ,15 for scalar evolution equations admitting the 

ID (2) (S) (S) 

(nontrivial) canonical conserved densities pc , Pc , Pc ■ In particular the nontriviality of pc 
will be crucial. 

Step 1. k = m — 3, m = 7,9,11,13,15. We begin our computations for k = m — 3, for 
m = 7, 9, 11, 13, 15. In [9]it has been shown that any m integrable evolution equations are of 
the form 

ut = F = a''^^Uk+3 + Buk+2Uk+i + Cul_^_i, m>7. (6) 

For each order, we compute the conserved density conditions, integrate by parts and collect 
the top level terms. The solutions of these equations give that all the coefficients B, C are 
functions of a and the derivatives of a with respect to Uk of various orders and a is independent 
of Uk- This implies that F is level homogeneous over 

if (—4). 

Step 2. = m — 4, m = 7, 9, 11, 13, 15. For = m — 4 the generic form of the evolution 
equation is: 

F = ut = + Buk+3Uk+i + Cuk+2 + Gufc+2«fe+i + Huk+i, m>7, (7) 

where the coefficients depend on Ui for i <m — 4. The top level parts of the conserved densities 
have the same form. Computing the conserved density conditions and integrating by parts we 
obtain systems of equations. For m = 7, we find that a satisfies the third order differential 
equation 

0333 - 9033030"^ + 12aio~^ 

and the classification of the 7th order equations is not pursued further. For m > 7, we have 
= and it turns out that F is level homogeneous over 
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Step 3. k = m — 5, m = 9,11, 13, 15. For k = m — 5 the generic form of the evolution equation 
is: 

F = ut = a'''^^Uk+5+Buk+iUk+i+Cuk+3Uk+2+Euk+3ul_^i+Gul_^_2Uk+i+Huk+2ul+^ m > 9 

(8) 

The conserved density conditions imply that F is level homogeneous over 

for m = 

9,11,13,15. 

Step 4. A; = m — 6, m = 9, 11, 13, 15. For k = m — 6 the generic form of the evolution equation 
is: 

F = al'^^Uk+Q + Buk+^Uk+i + Cuk+AUk+2 + Euk+4Uk+i + Gu^+g + Huk+3Uk+2Uk+i 

+Kuk+3Uk+i + Lul^2 + Mul^2Uk+i + Nuk+2Uk+i + Pul^i, m>9 (9) 

We note that the expression of F given above is a linear combination of the monomials in the 
generating set of Mq'\ as given in Appendix A. For m = 9, surprisingly we find that a satisfies 
the same equation as above (4), and for m > 9 we find that Qm-e = 0, and it follows that F is 
level homogeneous over 

Step 5. k = m — 7, m = 11, 13, 15. At this step, F is a linear combination of the monomials 

(k) 

in the generating set of , given in Appendix A and we omit the explicit expression here. 
The conserved density conditions imply that F is level homogeneous over 

Step 6. A; = m — 8, m = 11, 13, 15. F is now a linear combination of the monomials in the 

(k) 

generating set of Mg , given in Appendix A. The conserved density conditions imply that for 
ui = 11, CL satisfies the equation above (4) and for ui > 11, ctj^i—g = 0. It follows that for 
m > 11, is level homogeneous over 

Step 7. k = m — 9, m = 13, 15. F is a linear combination of the monomials in the generating 

(k) 

set of Mf\ given in Appendix A. The conserved density conditions imply that am-9 = and 
F is level homogeneous over 

Step 8. k = m — 10, m = 13, 15. F is a linear combination of the monomials in the generating 
set of m[q\ given in Appendix A. For m = 13, a satisfies that equation above (4) while for 
m > 11, flm-io = and F is level homogeneous over 

Step 9. k = m — 11, m = 15. F is a linear combination of the monomials in the generating 

(k) 

set of Mil', given in Appendix A. The conserved density conditions imply that a^-ii = and 
F is level homogeneous over 

Step 10. k = m — 12, m = 15. is a linear combination of the monomials in the generating 

(k) 

set of Mil', given in Appendix A. The conserved density conditions imply that a satisfies the 
equation above (4). 

It is a remarkable fact that at all orders m > 7, the separant a satisfies the following 
equation. 
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0333 - 9033030"^ + Uala'^ = 0. (10) 
Using the substitution a = Z~^/^ in the equation above, we obtain Z333 = 0, hence 

a = (aul + Pu3 + j)'^^^ , (11) 

where a, /3, 7 are functions of x, t, u, ui and U2 in general. Here as we are interested in the 
top level form of the equations, the dependencies on these derivatives are irrelevant. We give 
below certain expressions that are useful for a controlled substitution in the conserved density 
conditions. 



4.1 Classification of scalar evolution equations of order m — 7 

Generally for coefficients that depend on lower orders we will use capital letters. We summarize 
this computations in two parts. First our base level is m — 3 = 4. We work with scalar evolution 
equations of order m = 7, 

Ut = aJu-j + Bu^uq + Cu\ (12) 

and the generic conserved densities p^^\p^^\p^^^ given in (5) where the coefficients a,B,C and 
P(i),P(2),Q(2) depend on M4. 

We get that all the coefficients B,C,P^^\... are functions of a, and the derivatives of a with 
respect to U4 of various orders. Finally we get that the derivative of a with respect to U4 is 
zero, 

04 = 0, 

which implies that all the coefficients vanishes. Then we reduce the base level U4 by one. 

In the second part our base level is m — 4 = 3. We work with scalar evolution equations of order 

m = 7, 

Ut = a^u-j + BuqU4 + CU5 + Gu^u\ + Hu\ (13) 

and the generic conserved densities p^^\ p^^\ p^"^^ given in (5) where the coefficients 
a,B,C,G,H and , p(2) ^ q(2) depend on U3. 

In this step we obtain, P^^) = p(l°)a^ P^^) = p(20)a7 and 

21 /35 \ 

Ut = aJui + lAa^a^UQUi + —aza^u\ + { -^az^o- + 63a3 j u^u\ 

, 4 /399 21 2\ 4 

+ o as 1-^0330 - -^a^ I U4. (14) 
When the conserved densities are: 

pi2) ^ pm^7^2^pma^(^-la,,a-lai)u\ (15) 
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Thus seventh order integrable scalar evolution equations have the following form: 

21 

— —a p + 98a 1 a U4U5 

/1155 2 189 \ n 4 
+ (-^a]3-— Qia 2:3^X4 

Where a satisfies the equations given in (10), (11). 

4.2 Classification of scalar evolution equations of order m — 9 

In this section we compute 9th order evolution equations in 4 steps. First we work with 

Ut = a^ug + Bujus + Cu^ (17) 
and the generic conserved densities p^^\ p^^\ p^"^^ given in (5) where the coefficients a, B, C, and 

p(l) p(2) g(2) depg^d 

on uq. 

We get that all the coefficients B, C, P^^\ ... are functions of a and the derivatives of a with 
respect to uq of various orders. Finally we get that the derivative of a with respect to uq is 
zero, 

ae = 0, 

which means that all the coefficients vanishes. Then we reduce the base order uq by one. 
In the second step we work with scalar evolution equations of order m = 9, 

Ut = a^ug + BugUQ + Cuy + Gwju^ + Huq (18) 

and the generic conserved densities p^^\ p^^\ p^"^^ given in (5) where the coefficients a, B, C, G, H 

and P(1),P(2)^Q{2) depend on ng. 

In this step also we get that all the coefficients B,C, P^^\ ... are functions of a, and the 
derivatives of a with respect to ^5 of various orders. Finally we get that the derivative of a 
with respect to us is zero, 

05 = 0, 

which means that all the coefficients vanishes. Then we reduce the base order U5 by one. 

In the third step we obtain the similar results where all the coefficients B,C,P^^\ ... are 
functions of a, and the derivatives of a with respect to u^ of various orders and 

04 = 0. 

The scalar evolution equations of order m = 9, that we work with, in this step, is 

Ut = a^ug + BusUq + Cu-jUq + Gu-ju\ + HuqUq + KuquI + Lu\ (19) 

13 



(16) 



and the generic conserved densities p^^^ , p^^^ , p^^^ are given in (5) where the coefficients 
a,B,C,G,H,K,L and P^^\ P^'^\ Q^'^^ depend on U4. Since we get that the derivative of a 
with respect to U4 is zero, and all the coefficients vanishes, we reduce the base order U4 by one. 

Scalar evolution equations of order m = 9, that we use in the last step computations have 
the following form. 

Ut = a ug + BusU4 + Cwju^ + Gu-ju^ + Huq + Kuqu^u^ + Luqu^ + Mu^ + Nu^u^ + Pu^u^ + Qu^ 

(20) 

and the generic conserved densities p^^^ , p^^^ , p^^-* given in (5) where the coefficients 
a,B,C, G, H, K, L, M, N, P, Q and P^^) , P^^) ^ q(2) depend on ^3. 

In this step we get P^^) = p(lO)a^ P(2) = p(20)a7. 

The conserved densities are the same as order m = 7 given in (15). 

Thus ninth order integrable scalar evolution equations have the following form: 

27 57 / 825 \ 

Ut = a^ug — —a^^Z3U8U4 — —a^^Z3U7U5 + a^l[ — — a^p + 360a J uyul 
2 2 \ 8 / 

69 1 2 1 A 1419 2 \ 
——a 1^3% + a 1 ( — a p + 1230q ) 



+a^Sz3 (^^^a^p - 1485a^ uquI + a^^ (^-^a'^p + 290a^ 



u^ 



10 /35607 2 6105 \ 2 2 n /255255 4 2 94809 2 2A 4 

+a ^3 I Q P —aju^u^ + a I j^28 " ^ 8 — " + l""^35a I ti5tt4 

15 / 425425 4 2 135135 o 19305 e 
+a''^3 + — « - " j ^^^^ 

Where a satisfies the equations given in (10), (11). 



4.3 Classification of scalar evolution equations of order m = 11, 13, 15 

In this section we give the final form of equations of scalar integrable evolution equations of 
order m = 11, 13, 15 that are computed in 6, 8, 10 steps respectively. 

The conserved densities used are the same as order m = 7 given in (15). For each equation 
of order m = 11, 13, 15, a satisfies the equations given in (10), (11). 

Scalar integrable evolution equations of order m = 11 has the form of: 

Ut = a^^Un + B0U10U4 + BiUgU5 + B2Ugu\ + B^UsUq + B4USU5U4 + B^usul 

+Beuj + BrurueU4 + Bsuru^ + Bguru^ul + Biquyu^ + 511^2^5 
+B12UQU4 + Bisueu^U4 + B14U6U5U4 + B15U6U4 + -B16U5 + B17U5U4 
+Bisului + BigU5ul + B20UI (22) 

where Bq = —220^^2:3. 

Scalar integrable evolution equations of order m = 13 has the form of: 

Ut = a^^uis + BQU12U4 + Biuiiu^ + B2U11UI + B3U1QUQ + B4U1QU5U4 + 551110^4 
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+BeugU7 + B-ju^u^Ui + BsUqu\ + Bququzu\ + Biqu^u\ + Biiu\ + B12USU7U4 

+BisU8UeU5 + Bi4U8'"6'«4 + -615^8^1-^4 + 5i6«8'"5^t4 + B^Usul + 518^7^5 
+519^71X4 + B20U7UQ + B21U7UQU5U4 + B22U-jUqU^ + B22,U'jUr, + B2iU'jU^U^ 
+B2^U-jU^u\ + ^26^7^4 + 5271X6^4 + S28'U6^i + B2Qu\u^u\ + B2,qu\u\ 

+B'iiUQulu4^ + 5321X6^*1^*4 + -Bss'^G^s'"! + ^s^uquI + Bs5ul + Bseujul 

+B37ului + Bssujul + B3gU5ul + B^quI'^ (23) 

where Bq = -^a^^z^. 

Scalar integrable evolution equations of order m = 15 has the form of: 
ut = a^^ui5 + B0UUU4 + 511x131x5 + B2U13UI + 531x121x6 + B4U12U5U4 + B5U12UI 

+BqUiiU7 + B7U11U6U4 + 58Uii'u| + 591X111X51X4 + 5io?Xlllx| + 5ii'Uio«8 
+5121X101X71X4 + 5i3lXioU6n5 + 5i4'UioU6«l + 5i5Uio'u|u4 + 5i6Uio'U5'U4 
+517U10M4 + 518^1 + 5i9U9'U8lt4 + B20UgU7U5 + B2lUgU7u\ + 522M9«6 

+B23UgUQU5U4 + B24UgUQU4 + 525U9U5 + B26UgUr,U4^ + 527U9U5U4 + 528^9% 

+529«8ii5 + B^oujul + B3iUsU7UeU4 + 5321x8^71x51x4 + 5331x81171x4 + BsiUgului 
+5351X81X61X5 + 536lX8lX6lX5lX^ + 537IX8IX6IX4 + 538IX8IX5IX4 + 539lX8lX^lX^ + 54olX8lX5lx| 
+541IX8IX4 + 542ixf + 543ixf IX6IX4 + 5441x^1X5 + 545IX7IX5IX4 + 546IX7IX4 + 547li7liglt5 
+5481171X6^*4 + 549IX7IX6IX5IX4 + 5501X71X61X5114 + 55ill7lX6lxl + 552IX7IX5 
+553lX7lx|li4 + 554IX7IX5IX4 + 5551171X51X4 + 556IX7IX4 + 557lXg + 558IX6IX5II4 
+559lX6lll + 560ll6«5 + 56ill6ltilt4 + 562116115^4 + -6631*6^4 + BgiUQuju^ 
+Be5UQulul + 566li6l*5l*4 + Bq7UqU5uI + 5681*6^*4 + 5691*^ + 570ix|ix| 

+57iix|u^ + 572ixiixl + 573ixiix| + 574iX5ixf + 5751x^2 (24) 
where 5o = —450^^2:3. 

5 Results and Discussion 

In this study, we introduced a new grading structure, that we cah the "level grading". We 
applied this structure on the algebra of polynomials generated by the derivatives Uk+i over the 
coefficient ring K^^") of C°° functions of iXj, i = 0, 1, 2, . . . , fc, where k is denoted as the base 
level. We prove that this grading structure has the property that the total derivative with 
respect to x and the integration by parts arc filtered algebra maps. Wc also prove that, if 11 
satisfies an evolution equation ut = F[u\ and F is a level homogeneous differential polynomial, 
then the total derivative with respect to t is also a filtered algebra map, and the conserved 
density conditions are level homogeneous and their top level part is independent of uj for 
j < k. We applied this "level homogeneity" property on the classification of integrable scalar 
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evolution equations of order m > 7. We give explicit formulas for order m = 7, 9 and give the 
formulas for order m = 11, 13, 15 in a closed form with the explicit form of the coefficients Bq. 
We observed that, at all orders, a satisfies the same equations given in (10) The occurrence of 
the same form for the separant a suggests strongly that these equations belong to a hierarchy. 
The same form of a has occurred in the classification of fifth order equation [10], where it has 
been noted that these equations would be intrinsically related to the class of fully nonlinear 
third order equations [1], 

ut = F= {aul + /3u3 + 7)-^/^ {2au3 + P) + S, 

In this equation when we compute ^ we find that 

This result suggest that the equations for which we have determined the top level part belong 
probably to a hierarchy starting at the fully nonlinear third order equation and the hierarchy 
is possibly generated by a second order recursion operator. 
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Appendix A 

(k) 

The submodules and their generating monomials where: i = 1, 2, 3, 13 and k = m — 3,m — 

4, . . . , 3 used in classification of m = 7th, m = 9th, m = 11th order evolution equations: 
Submodules with base level k 



= (Ufc+3,Uft+2Mft+l,Wfe+l) 

r(fe) 



Ml = (Ufc+4,'Wfc+3'Wfc+l,Wfe+2,Wfe+2Ufe+i,Ufe+i) 

M^''^ = {uk+5,Uk+iUk+l,Uk+3Uk+2,Uk+3ul_^_-^,ul_^_2Uk+l,Uk+2ul_^_l,ul_^_-^) 

Mq'^ = {Uk+6 , Uk+5Uk+l , Uk+4,Uk+2 , Uk+4,ul_^_-^ , Uk+3Uk+2Uk+l , Mfc+sUfe+i , 

Mfc+2, w|+2«I+l, Wfc+2Wfc+l, Wfc+l) 
M^''^ = (ufe+7, Uk+6Uk+l,Uk+5Uk+2, Wfc+sW^+i, Ufc+4W*:+3, Wfc+4Wfc+2Wfc+l , Wfc+4Wfc+l , 



M^''^ = {Uk+8 , Uk+7Uk+l , Uk+6Uk+2 , Ufc+6Wfe+i , Wfe+5Wfc+3 , Ufc+5Ufc+2Wfc+l , Uk+5Uk+l ) 

2 2 2 4 

'"/c+4) Uk+4,Uk+3Uk+l, Uk+4,Uk+2y '"fe+4'W/s+2'W/s+l , Wfe+4Wfc+l , 

2 2 2 2 3 5 

'"fe+3'"fc+2 ) '"fc+3'"fc+l ) Wfc+3'W/;+2'"/=+l ) Uk+3Uk+2Uk+i , 'Ufc+3'Wfc+i , 

■"fc+2) '^fe+2^fc+l) ^fe+2^fe+l7 '"■*:+2"fc+li Wfe+l) 

-^9*^^ = (Ufc+9, Ufc+sUfc+l, Mfe+7Ufc+2, Mfe+7Wfe_|_i, 

■Wfc+6Mfc+3 , Uk+6Uk+2Uk+l , Mfc+6w|+i , 

Uk+5Uk+4:, Uk+nUk+aUk+l , Uk+hu\^2 > '"/s+5'"/c+2'Wfc+i , W/s+S'Wfc+l , 

■Wfc+4'"'s+l ) 'U'k+i'U'k+3Uk+2 , ■W/s+4'W/s+3 Wfe+i , 'U/c+4'Mfc+2 Wfe+1 , 'W/s+4Wfe+2u|_,_i , Ufe+4u|_,_i , 
Mfc+S, Ufc+3'Ufc+2'Ufc+l, Ufc+3Mfc+i, ■Ufc+3w|+2, Wfc+3Wfc+2'"fc+l ) ■"fe+3'Wfc+2'Wfc+l , Wfe+3Mfc+l , 

Wfe+2«fe+l. w|+2Wfe+l, M?+2Wfe+l' "fe+2Wfc+l: 4+1) 

^10'' = ("fe+10,Mfc+9W.fc+l,Mfe+8Mfc+2,Ufe+8Mfe+i, 

3 

■";c+7M;c+3 5 Uk+7Uk+2Uk+l,Uk+7Uk+lJ 

Uk+6Uk+4, Uk+eUk+SUk+l , Uk+6ul_^_2 , ■W/s+6'W/s+2'Wfc+i , Wfc+eMfc+l , 

■"fc+S > '"fe+5'W/s+4'W/s+l , Wfe+5U/j+3U/j+2 , Uk+5Uk+3Uk+l ) ■"/s+5U^_,_2"fe+l ) '"/s+5'W/s+2 Wfe+1 , W/s+5 Wfe+1 , 
Uk+4Uk+2 , , Ufc+4'Ufc+3 , Ufc+4'Ufc+3'Ufc+2'Ufc+l , 'U/s+4'M/s+3 , 

Wfc+4Ufc+2 , Ufc+4Ufc+2Ufc+l ) '«;j+4Ufc+2WA;+i , Wfc+4u|_,_i , 



'^k+3'^k+l,Uk+3ul_^_2, Mfe+3Ufe+2Ufe+i, Ufc+3Mfc+l, 

'"l+2'"fc+i > ul_^_2ul_^_l , Wfc+2Ufc+i , Wfe+i) 
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3 

Uk+8Uk+3, Uk+8Uk+2Uk+l,Uk+8U,._^_i, 

Uk+7Uk+4, Uk+7Uk+3U'k+l , Uk+7U\^2 ) '"/s+7'"/c+2«fc+l , W/s+T'Wfc+l , 

Wfc+eMfc+S , ■W/S+6M/S+4W/S+I , Uk+6Uk+3Uk+2, W/s+eW/s+S Wfe+1 , Mfc+e Wfe_,_2"fc+1 > Wfe+6Wfe+2w|+i , Ufe+6w|_,_i 
Wfe+S^/s+l , Uk+^Uk+iUk+2 , Uk+5Uk+4ul_^_i , Uk+5ul_^_3 , Uk+5Uk+3Uk+2Uk+l , Uk+5Uk+3Uk+l ) 
'Mfc+5Mfc+2 ) Uk+5ul+2''J'l+l ) '"fc+5Mfe+2 Wfc+1 , M/c+S^fc+l , 

Ufe+4Mfc+3, Mfe+4Mfc+2'Ufc+l, Ufe+4"fe+l' 

Ufe+4Ufe+3Wfc+l: WA-+4Mfe+3Mfc+2> Wfe+4Wfe+3W/£+2Ufc+l,Mfe+4Mfe+3Mft+l, 

M;c+4Mfc+2Wfe+l) Ufc+4u|+2Wfe+l) Ufc+4Mfe+2Mfe+l , Wfe+4Wfe+l , 

3 3222 2 325 

'W/j+3'W/s+2 , '"/s+3'"/s+l ) "fc+3'"/s+2'"'s+l , 'W/j+3U/c+2'U/j+i , 'W/s+3'Wfc+l j 

4 3 2 2 4 6 8 

'Wfc+3Mfc+2 > ■"/s+3'"fc+2'"fc+l > ■"fc+3Wfc+2 Wfe+1 ) '"/s+3'W/s+2 Wfe+i , 'Ufc+3Ufe+i , 

Wfc+2Wfc+l , Mfc+3«fc+l > w|+2Wfc+l > Wfc+2«fc+l > ^*fc+2Wfe+l > "fe+l) 

/ 2 3 

\Ufe+12, "fc+llWfc+l, WA;+10''-'fc+2, W'fc+lOWfe+1) '"'c+9'^fe+3j '"fc+9'"fc+2Mfe+l , "fe+gMfc+l ! 

2 2 4 

Ufe+8Mfe+4, Ufe+8Wfe+3Ufe+l, Wfe+8Wfe+2i "fe+8^ife+2Ufe+l; "fe+8^ife+li 

2 2 3 5 

Mfc+7M;c+5> Uk+7Uk+4,Uk+l,Uk+7Uk+3Uk+2, Uk+7Uk+3Uk+l, M;c+7Wfc+2Wfc+l) Wfe+7Wfc+2Wfe+l, Wfe+7Wfe+lj 

, Uk+eUk+SUk+l , Uk+6Uk+4Uk+2 , 'W/s+6'W/s+4'Wfc+i , ■W/s+6Mfc+3 , 'W/s+6'W/s+3'W/s+2 Wfe+1 , Uk+6Uk+3Uk+l ) 

Wfc+6M|+2 ) '"/s+6'Wfc+2'"fc+l ) Uk+6Uk+2ul_^_i , Mfc+eU^+i , 

'"fc+5'"'s+2 ) '"fc+5'"fc+l ! Wfe+5'W/s+4'Wfe+3 , 'W/s+5'"/c+4«/s+2 , 'U/j+5Ufe+4u|_,_i , Uk+5Uk+3''^k+l , 

2 2 43 23 57 

■Wfc+5Mfc+3 Wfe+2 5 ■Wfc+5'UA:+3 Wfe+2Wfe+l , Wfe+5 Wfe+3Wfc+i , Wfc+s Wfc_,_2'"fc+1 ) '"fe+5'Wfc+2'Wfc+l , Wfe+5'"/s+2«/c+l , «fc+5'"fc+l , 

32 222 224 

^k+4J Wfe+4"fe+3^ife+l, Wj._).4Uj.^_2 7 "*;+4"fe+2^ife+l7 '"fc+4"fe+l7 

2 2 2 2 3 5 

Uk+iUk+3''^k+2, Uk+4,U^._^_^U^_^_i,Uk+4Uk+3Uk+2'^k+l,Uk+4Uk+3Uk+2Uk+i,Uk+iUk+3Uk+i, 

4 3 2 2 4 6 8 

Uk+iU,^^2 > '"fe+4'"A;+2'"A;+l ) "A:+4Mfc+2 Wfe+1 > Uk+iUk+2Uk+i , 'U/s+4Ufe+i , 

4+3 > w|+3^^fc+2^^fc+l, Wfe+3«l+l> ^*fe+3«l+2> Wfe+3^*fe+2«fc+l > ^*fe+3«fc+24+l > ^^fe+S^+l > 

4 3 3 2 5 T 9 

'Ufc+3Mfc+2^*fc+l ) Uk+3Uk+2Uk+l , Uk+3Uk+2Uk+l , Wfc+3Wfc+2Wfc+i , Uk+3Uk+i , 

(Wfc+13, Mfe+i2Wfc+l, 11fc+llMfe+2, Wfe+iiMfc.,.!, Mfe+ioMfe+3) Ufc+loUfc+2Uft+i, Ufe+ioWfe+i, 

2 2 4 

Ufc+9M;;+4, M;s+gM;;+3M;s+i, Ufc+9U^_,_2, ■U;c+gM;c+2%+i , , 

Uk+8Uk+5 , Uk+8Uk+4Uk+l , Uk+8Uk+3Uk+2, 'W/s+8'W/s+3 Wfe+1 , Mfc+S Wfe+2^*fe+l ) '"fe+8Wfe+2w|_,_i , Ufe+8u|_,_i , 
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Uk+7Uk+6 , Uk+TU-k+SUk+l , Uk+7Uk+4Uk+2, W/s+7'U/s+4Wfe+i , U/j+7Ufe_,_3, Uk+7Uk+3Uk+2Uk+l , Wfe+7Wfe+3u|_,_i , 

3 2 2 4 6 2 2 
'Ufc+7'Wfc+2 ) 'Wfc+7'Wfc+2'"fc+l ) Uk+7Uk+2Uk+l ) '"/s+7'"fc+l ) '"/s+6'"fe+l > ■"/s+6'"/s+5'"/s+2 , 'W/s+6'"fc+5^*fe+l > 

Ufe+6Mfe+4'M/c+3, Mfe+6Wfe+4W.fc+2W.fc+l, WA;+6Mfc+4Ufe+i, 

2 2 2 4 

'W/s+6'Wfe+2^*fe+l)'"/s+6Mfe+2^*fe+l; '"fc+6Wfe+2Wfe+i, Wfc+6Wfe+i, 

Uk+5Uk+4Uk+3Uk+l, Uk+5Uk+Aul._^_2, Ufe+5Wfe+4«/c+2'Wfc+i , Wfe+5'W/s+4'Wfc+l , 

2 2 2 2 3 5 

W/s+BWfc+S Wfc+2, Mfc+B^fc+S Wfc+1 , Wfe+B Wfc+3Wfe+2'"A:+l , Wfe+5 Wfe+3'"A:+2'W/;+l , 'W/c+5'"/c+3'"/s+l ) 

Uk+5ul_^_2, Ufc+5Ufe+2Ufe+i , Ufc+5Ufc+2Mfc+l , Mfc+5'Ufc+2 w|+i , 'Ufc+5-(7|^i , 

"fe+4"fe+l ■ '4+4"fe+3"fe+2 , Ufc+4Ufc+3Mfe+l , Ufc+4^^ft+2"fe+l , Mft+4Wfe+2Mfe+l , Mfe^^ 

M;c+4Mfc+3, M;c+4Mfc+3Mfc+2Mfe+l, Ufc+4Wfe+3Wfe+l, 

Uk+4Uk+3Uk+2^ «/c+4'W/c+3Wfc+2Wfc+i , Ufe+4Wfe+3'"/s+2Wfc+i , Wfe+4'W/s+3'Wfc+l , 

4 3 3 2 5 T 9 
'W/s+4W/s+2^ife+l > ■W/s+4W/;+2 Wfe+1 , 'W/s+4Ufe+2^ife+l , Wfe+4Wfe+2Wfe+i , Ufc+4Ufe+i , 

«fc+3«fc+l > «l+3«fc+2 > w|+3«fc+2«fc+l , «l+3«fc+l > w|+3«l+2«fc+l , m|+3«|+2«I+1 , «l+3«fc+2 4+1 > «l+3«fc+l 

Wfc+3Mfc+2 > "fe+34+2Wfc+l > Wfc+3Ufc+24+l . Wfe+3l4+2"'fc+l ) Wfc+3 "fc+2w|+l , Mfc+3Wfe^ 
■"1+2^^+1) ^1+2^^1+1) '"fe+2^^1+1) ""1+2^^1+1) '"fe+2"fe+l) '"fe+2Wfe+l) ^^fe^ 



Appendix B 



The quotient submodules M- ' and their generating monomials (that are not total derivatives), where 
k = m — 3,m — A, . . . ,3 and i = 1,2, 3, 11, 13 used in classification of m = 7th, m = 9th, m = 11th 
order evolution equations: 
Quotient Submodules with base level k 





= (0) 




= ("fc+i) 








= {■>J'l+2,ut+i) 




= ("fe+2"fe+l>"fe+l) 




= (^fe+3' "fe+2' '^'fe+2'-'fc+li '^'fc+l) 




/ 2 3 2 3 7 
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M(fe) ill 22432248\ 

8 = («fc+4,%+3Wfc+2,Mfc+3«fc+l>Wfe+2,Wfc+2Wfc+l,%+2%+l,%+l) 

-^9''^ = («fc+4**fe+l,'«fe+3, «fe+3Wfc+2Mfc+l,M|+3Wfc+l, '4+2'"A-+l, ■'4:+2'"fc+l r"l+2'4+l 

Ti^^fc^ /22 223 222 22'4: 

■'^10 = ("fc+5> '"fc+4"fe+2) '"fe+4"fe+l' ""fe+S^fe+l' "/c+3%+2' '"fe+3"fc+2^^;c+l' '"fe+3"fe+l' 

7/5 ,,4 ,,2 „,3 4 2 6 10 \ 

"fc+2! "fe+2"fc+l) "fc+2"fe+l) "fe+2"fe+l) "fe+1/ 

-^n^ = (■"fc+5^*fe+l>'"fc+4'"fc+3,'"^+4'"fc+2Wfe+l,Ufe+4«fc+i, 

3 3222 2 35 25 
'"/c+3'"'s+2 ) '"/s+3'"/s+l ' ^/c+3'"/c+2'"'s+l , 'U/j+3'U/c+2 , U^.J^2'^k+\ i '"/s+3'"/s+l ' 

'"fc+2'"l+l > '"l+2'"fc+l > '"fc+2'"fc+l ! '"fc+l) 

M(fe) /22 2232 222 224 

12 = ('"fc+6 > ■"fc+5Ufc+2 , Wfe+sMfc+i , , Wfe+4Wfe+3Wfc+l , Wfe+4Wfe+2 > Wfe+4Wfe+2«fe+l , Wfe+4Wfe+l > 

43 33232222 426 

■"fc+3' ^fe+3^fc+2^*fc+l> ■"fc+3^fc+l' '"fc+3^fe+2' '"fe+3"fc+2"fe+l' ^fe+3'"'s+2'";c+l) ■";s+3'";c+l' 

^fc+2' ^fc+2'"fc+H ^fc+2^fc+l> ^l+2^fc+l' ^fc+2'^fc+l' "ft+l) 

-'1^13 = K+6^*fe+l>%+5"fc+3,%+5«fc+2Wfe+l,Wfc+5^ifc+l. 

'"l+4'"fc+l> '"fc+4'"fc+3Wfe+2, U^+4«fc+3Wfe+i, Wfc+4Wfe+2Wfe+l, «^+4Ufe+2u|+i, 

4 323 23423 2232 527 
'"/c+3'"'s+l ' '"/s+3'"/s+2 > '"/c+3'"'s+2'"/c+l ' '"/s+3'"/s+l ' '"/c+3'"/c+2'"'s+l , ■"fe+3'"/s+2"fe+l ' '"/c+3'"'s+2"fe+l ) '"/s+3'"fe+l ' 
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